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Abstract In this paper, we introduce the classes of (B, p)-type I and generalized
(B, p)-type 1, and derive various sufficient optimality conditions and mixed type duality
results for multiobjective control problems under (B, p)-type I and generalized (B, p)-type I
assumptions.
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1 Introduction

There is, by now, an extensive literature on optimal control problems, for example Mond and
Smart [10], Bhatia and Kumar [1], Nahak and Nanda [12], Preda [14], Zhian and Qingkai [15],
Chen [4], Gulati etal. [7], Patel [13], Nahak [11], and De Oliveira etal. [5].

An important direction of work has been to find duality theorems, necessary and sufficient
conditions for optimality using more and more general classes of functions.

In [10] Mond and Smart gave duality results and sufficiency conditions under invexity
assumptions. Preda [14] has generalized the results of Mond and Smart under generalized
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p-invexity for scalar control problems. In [6], Gramatovici has studied multiobjective control
problems under generalized invexity assumptions and extended the results in Preda [14].

In this paper, we will introduce the classes of (B, p)-type I functions and generalized
(B, p)-type I functions and derive a series of sufficient optimality conditions and mixed type
duality results for multiobjective control problems.

The control problem is to choose, under given conditions, a control u(¢), such that the
state vector x(¢) is brought from specified initial state x (a) = « to some specified final state
x(b) = P in such a way to minimize a given functional. A more precise mathematical
formulation is given in the following problem

Minimize fah f, x,uyde = (fab fit, x,wydt, ..., fab It x, “)dt)
subject to
(MCP) x(a) =, x(b) = ﬂv
h(Z,X,M) =)‘C, tel,
glt,x,u) <0, tel,

where I = [a, b] is areal interval, f : I x R" x R" — IR?,g: I x R" x R" — IR™
and /i : I x IR" x IR" — IR" are continuously differentiable functions with respect to each
of their arguments, up to the second order.

2 Preliminaries

Let IR" be an n-dimensional Euclidean space, and IR’} be its nonnegative orthant.
Let x and y be in IR", we denote

x<y<&=x <y, fori=1,...,n
X<y<=x<y, butx#y.
X<y<&=uxi<y, fori=1,...,n.

For the function f(¢, x, u), where x : I —> IR" is differentiable with its derivative x and
u : I — IR™ is a smooth function, denote the p x n and p x m matrices of first partial
derivatives of f with respect to x, u by f, and f;, such that

fixz(afi . afi)andf,-uz(afi . 8fi), i=1,2,...,p.

axy’ T Oxy duy T Quy,

Similarly, g, and g, denote the m x n matrices of first partial derivatives of g with respect
to x and u.
Here x (1) is the state variable and u(7) is the control variable, u is related to x via the state
equation h(t, x, u) = X.
Let C(I, IR") denote the space of piecewise smooth state functions x with norm

Xl = lxlloo 4 DX 0o,

where the differential operator D is given by

1

y = Dx < x(t) = x(a) +/y(s)ds.

a
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Therefore, D = d /dt except at discontinuities.

Let X be the space of continuously differentiable state functions x : / — IR" such that
x(a) = o, x(b) = B, equipped with the norm || x| := ||x|lco + || DX|lcc and U is the space
of piecewise continuous control functions u : I — IR™ has the uniform norm || - || so-

Definition 1 A point (x*, u*) € X x U is said to be an efficient (Pareto optimal) solution
of (M C P) if, there exists no other (x, u) € X x U such that

b b
/f(tvx»“)dfS/f(t,x*,u*)dt.

Definition 2 An efficient solution (x*, u™) of (M C P) is said to be properly efficient [2] if
there exists a positive number M such that for each i, we have

b b b b
/f,-(t,x*,u*)dt—/f,-(t,x,u)dtéM /fj(t,x,u)dt—/fj(t,x*,u*)dt ,

for some j such that fab i, x, u)dt > fab fi@, x*, u*)dt whenever (x,u) € X x U and
12 fie,x,wydt < [P fie, x*, u¥)dt.

Let p = (p',..., pP) be avectorin IR? andd : I x IR" x IR" —> IR be a piecewise
continuous function.

Definition 3 A pair (¢, ) is said to be (B, p)-type I at (x*, u*) € C(I, IR") x U with
respect to by, by, n, & if there exist functions bo(x, x*, u, u™) € IRy, by (x, x*, u, u*) € R4,
n(t,x(t), x*()) € IR" and &(t, u(t), u*(t)) € IR™, with n(t, x(¢), x*(t)) = 0 if x(r) =
x*(1), such that for all (x,u) € X x U,

b b
bo(x, x*, u, u*) /¢>(t,x,5c,u)dt—/¢(I,X*,)€*,u*)dt
a a

b
;/ [ﬂtﬁbx(f’ X*v)‘C*7 M*) + [Dﬂ]t ¢x(tv -X*’ X*M*)

a

b
+E Gy (t, x* 3 u)]dr + p! /d2<r,x,x*>dr, (1

a

b
—by(x,x", u, u*)/l/f(t, x*, X", u)dt
a

b
é/ [0 W (1, x™, 5%, u™) + [Dn) i (2, X, 2%, u®)

a
b

+E Y (1, x*, %, u)] dt + p? / d*(t, x, x*)dt.

a
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If in the previous definition, (1) is satisfied as a strict inequality, then we say that a pair (¢, V)
is semistrictly (B, p)-type L at (x*, u*) € C(I, IR") x U with respect to by, by, n and §.
Now we generalize the class of (B, p)-type I functions to a class of functions called gener-
alized (B, p)-type L.

Definition 4 A pair (¢, ¥) is said to be weak strictly (B, p)-pseudo-quasi-type Iat (x*, u*) €
C(I, IR™") x U with respect to bg, b1, n, & if there exist functions by(x, x*, u, u*) € R4,
by (x,x*, u,u*)e IRy, n(t,x(t), x*(t)) € IR" and &(t, u(t), u*(r)) € IR™, with n(z, x(¢),
x*(@)) = 0if x(¢t) = x*(¢), such that for all (x, u) € X x U,

b b
/¢>(t,x,)2,u)dt §/¢(t,x*,56*,u*)dt

b
= bo(x, x*, u, u*)/ [0 a2, x*, &%, u™) 4+ [Dnl’ pi (2, x*, 1" u™)
a

b
+E P, (2, x*, xF, u*)] dt < —p' /dz(t,x,x*)dt,

a

b
— /1/f(t, x*, x5, ut)dt <0
a

b
=>b1(x,x*,u,u*)/[n’t/fx(t,x*,i*,u*)+[Dn]’ Vi, X", ", u")
a

b
FE ] dr 2= [ Paxan

a

Definition 5 A pair (¢, ¥) is said to be strong (B, p)-pseudo-quasi-type I at (x*, u*) €
C(I, IR™) x U with respect to by, b1, n, & if there exist functions by(x, x*, u, u*) € R4,
bi(x,x*,u,u*) € Ry, n(t,x(@), x*(t)) € IR" and £(¢, u(t), u*(t)) € IR™, with n(z, x(¢),
x*()) = 0if x(t) = x*(¢), such that for all (x, u) € X x U,

b b
/d)(t,x,)%,u)dt S/d)(t,X*,)%*,u*)dt
a a

b
=>bo(x,X*,u,u*)/[n’¢x(t,X*,fc*,u*)+[Dn]’ Gi(t, x*, 1%, u")
a

b
+ &' Pu(t, x*, X%, uM)]dr < —p‘/dz(t,x,x*)dt,

a

b
— /Iﬁ'(l, x*, X%, u)dt <0
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b
= bi(x, x¥, u,u*)/ [ W (0, x*, 5%, u™) + [Dn) Y (1, 5%, 5%, u™)
a

b
+§IWM(L x*, u*)] dt = _pZ/dZ(t’ x, x")dt.
a

Definition 6 A pair (¢, ¥) is said to be weak strictly (B, p)-pseudo-type I at (x*, u™) €
C(I, IR™") x U with respect to bg, by, n, & if there exist functions by(x, x*, u, u*) € R4,
by (x, x*, u,u*)e IRy, n(t,x(t), x*(t)) € IR" and &(t, u(t), u*(r)) € IR™, with n(z, x(¢),
x*()) =0if x(r) = x™(t), such that for all (x,u) € X x U,

b b
/d)(t,x,x,u)dt s/d)(t,x*,fc*,u*)dt
a a

b
=>bo(x,x*,u,u*)/[n’¢x(t,x*,fc*,u*)+[Dn]’ bi(t, x*, X%, u*)
a

b
+ & e, x*, F u)]dt < —pl/dz(t,x,x*)dt,

a

b
— /Iﬁ(t, x*, X%, u)dt <0

b
=>bl(x,X*,u,u*)/[ntllfx(t,X*,i*,u*)+[Dn]’ Vi (8, X, X%, u™)
a

b
+ &Y (1, x*, ¥, )] dt < —pz/dz(t,x,x*)dt.

a

3 Sufficient conditions

Chandra etal. [3] gave the Fritz-John necessary optimality conditions for the existence of an
extremal solution for the single objective control problem. Using the relationship between
the efficient solution of the problem (M C P) and the optimal solution of the associated scalar
control problem, Gramatovici derived the necessary optimality conditions for the multiob-
jective control problems; details can be found in [6] and [8]. This method was used by
Bhatia and Mehra in [2] for a multiobjective variational programming problem. Mond and
Hanson [9] pointed out that if the solution for the problem (M CP) is normal, then the
Fritz-John conditions reduce to Kuhn—Tucker conditions [8].

In this section, we establish various sufficient optimality conditions for (M C P) under
(B, p)-type I and generalized (B, p)-type I conditions.

Theorem 1 Let (x*,u*) be a feasible solution for (MC P) and assume there exist 1 €
IR?, )i > 0 and piecewise smooth functions \* : I —> IR™, u* : I — IR" such that for
allt € 1,
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AT Fet, X u®) + AR (@) g (t, X*, u*) + WO hy(t, X5 u*) + p () =0,t € 1, (2)

AT fu(t, X*, u®) + A5 () g (8, X*, u®) + p* () hy (8, x*, u) = 0,1 € 1, 3)
}»*(Z)tg(t, x*’ M*) = 07 t e [! (4)
A1) =0, rel. 5)

Further, suppose that (f, \*(t)' g + w*(t)' (h — x)) is (B, p)-type I at (x*, u*) with respect
to bg, by, n, & with bo(x, x*, u, u*) > 0 for all (x,u) € X x U and AS’pl + p2;0, then
(x*, u™) is a proper efficient solution of (M C P) and therefore it is an efficient solution of
(MCP).

Proof Because (f, \*(1)'g + u*(t)' (h — X)) is (B, p)-type I at (x*, u*) with respect to by,
b1, n, &, therefore

b b
bo(x, x*, u, u™) /f(t,x,u)dt—/f(t,x*,u*)dt
b b
;/[n’fx(t,x*,u*)+S’fu(t,x*,u*)]dt+ pl/dz(t,x,x*)dt, (6)

b
—by(x, x*, u, u™) /[}\*(l)lg(t, x5 u®) + p O (ht, x*, ut) — X%)]dt

b
> / [ (V) g (1, x*, ) + 1* (0 b (1, 5%, ) + (D (—p* (1)

b
+ & (WO gu(t, x*, u*) + (O bt x¥, u*))]dt+p2/d2(t,x,x*)dt. @)

a
Multiplying (6) by the nonnegative vector A}, we get

b b
bo(x, x™, u,u™) /A(“;If(t, x,u)dt — / AL f @ x*, utyde

a a

b
1y %t ok 1yt ok
;/['7 A e, ) + ENG fu (e, X, u) ] di

a

b
+ 25 p! / d*(t, x, x*)dr. )

@ Springer



J Glob Optim (2010) 46:111-132 117

Since (x*, u™) is feasible for (M C P), then, h(t, x*, u*) — x* = 0 combined with (4), (7)
can be rewritten as

b
0> / [ (V% (0) g, X%, ) + * (0 o (1, 5%, 1)) + (D] (= (1)

a

b
+ & (W) gut, x*, u™) + w* (@) hy (t, x5, u")) ] dr + ,oz/dz(t, x, x*)dt,
a
it follows that
b b
0;/ n' ()\*(Z)’gx(t, X u®) 4+ O h (@, x*, u*)) dt + / i ()dt

b
S AT s / EL (R0 gu(t, X, u®) + () (1, 5%, u)) di

b
—i—,oz/dz(t,x,x*)dt. 9

a
Adding (8) and (9), we obtain

b b
bo(x, x™, u,u™) /ké’f(t,x, u)dt —/k(’;’f(t,x*, u™)dt

a a
b

;/77[ [Aaffx([! X*7 M*) + )"*(t)tgx(t! X*v M*) + H'*(t)thx([s X*7 M*) + M*(t)]

a

+ &M fult, x  w") + A @) gu (b, XF, u) + WO hy (2, xF, u™)] di
b
+ (W p! +p2)/d2(t,x,x*)dt. (10)
a

Inequality (10) along with (2) and (3) yields
b b

bo(x, x™, u,u™) /Agtf(t, x,u)dt — / AS’f(t, x*, u®)dt
a a
b

>y p! +p2)/d2(t,x,X*)dt.
a

Since A p! + 02 >0, we get

b b
bo(x, x™, u,u™) /)\Stf(t,x,u)dt—/A(’;’f(t,x*,u*)dt >0. (11)

a a
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Because bo(x, x*, u, u*) > 0 forall (x,u) € X x U, (11) gives

b b

/ké’f(t,x, u)dt;/)\élf(t, x*, u*)dt,

a a

b
which implies that (x*, #*) minimizes f kg’f(t, x,u)dt over X x U with A§ > 0. Hence,

a
(x*, u™) is a properly efficient solution for (M C P) on account of Theorem 2 (see [2]) and
therefore (x*, u™) is an efficient solution of (M C P). O

Theorem 2 Let (x*,u*) be a feasible solution for (M C P) and assume there exist 1| €
IRP, A(’g > 0 and piecewise smooth functions A* : [ — IR™, u* : I — IR" such that for
allt € 1, (x*, u*, A}, \*) satisfy (2)—(5) of Theorem 1. Further; suppose that (f, \*(t)'g +
w* (@) (h — X)) is semistrictly (B, p)-type I at (x*,u*) with respect to by, by, n, & with
)»6’,01 + p2 >0, then (x*, u™) is an efficient solution of (M C P).

Proof If (x*, u™) is not an efficient solution of (M C P), then there exists an (x, u) € X x U
such that

b b
/f(t,x,u)dtf/f(t,x*,u*)dt.

Since bg(x, x*, u, u*) > 0, we obtain

b b
bo(x, x™, u, u®) /f(z,x,u)dt—/f(t,x*,u*)dt <0. (12)

Since (x*, u™) is feasible for (M CP), then, h(t, x*, u™) — x* = 0 combined with (4), we
have

b
—by(x, x*, u,u®) / A0 g (e, x" u") + pF (@) (h(r, x*, u") — 5%)dr <0. (13)
a
Equations 12 and 13 with the fact that (f, A*(t)'g + u* ()" (h — X)) is semistrictly (B, p)-

type I at (x*, u™) with respect to by, by, n, &, give us

b b
/[n’fx(t,x*,u*) +E fut, x* uH]dr < —pl/dz(t,x,x*)dt, (14)

a

b
/ [n" () gu (0, x*, u™) + " () h (1, x*, u®)) + (D] (=% (1))

b
+E (WO gu(t, x*, u*) +,u*(t)’hu(t,x*,u*))]dté—pz/dz(t,x,x*)dt. (15)
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Multiplying (14) by A§ > 0, we get

b
/ [ A frt, x*, u®) + EAY fult, x*, u*)] dt
a

b
< —A;;’,ol/dz(t,x,x*)dr. (16)
2
Equation 15 gives
b b
02 [ () gste.x" ) + Ot ) do 4 [ it 0
p p

b
U O) s +/§’ (WO gult, x*,u®) + pn* (O hy (¢, x*, u*)) di

b
+,02/d2(t,x,x*)dt. (17)

a

Adding (16) and (17), we get

b
/ ' [AG felt, x* u®) + 25 (0) gu (b, X, u™) + W () hy (2, X, u™) + 15(1)]
a
+E[A fut, x u®) 4+ 1F (@) gu (b, X, u*) 4 () by (1, 5%, u™)] di
b
<—0g'p' + pz)/dz(r,x,x*méo,
a

which contradicts (2) and (3). Hence (x*, u*) is an efficient solution for (M C P) and the
proof is complete. O

Theorem 3 Let (x*, u*) be a feasible solution for (MC P) and assume there exist Aj €

IR?, A > 0 and piecewise smooth functions \* : I —> IR™, u* : I — IR" such that for

all't € I, (x*, u*, A§, A*) satisfy (2)—(5) of Theorem 1. Further, suppose that (f, X*(¢)'g +

w* (@) (h — x)) is strong (B, p)-pseudo-quasi-type I at (x*, u™) with respect to by, by, 1,
* *\ 52

& with by (x,x*, u,u*) > 0 and Aj' p' + % >0 forall (x,u) € X x U, then

(x*, u*) is an efficient solution of (M C P).

Proof Tf (x*, u™) is not an efficient solution of (M C P), then there exists an (x,u) € X x U
such that

b b
/f(t,x,u)dtf/f(t,x*,u*)dt.

Since (x*, u™) is feasible for (M CP), then, h(t, x*, u™) — x* = 0 combined with (4), we
have
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b
- / A0 gt x* u*) + pwF (@) (h(r, x*, u*) — 3%))dr <0.

a

Since (f, A*(¢)'g + u* ()" (h — x)) is strong (B, p)-pseudo-quasi B-type I at (x*, u*) with

respect to by, by, 1, &, therefore
b
bo(x, x*, u, u*)/ [n'fx (t, x*, u*) + &' f,(t, x*, u*)] dt
a

b
<—p! /dz(t,x,x*)dt,

a

b
bl(xs X*v u! M*)/ [77[ ()"*(t)tgx(t’ X*v M*) + .u“*([)thx(t’ X*s M*)) + [Dﬂ]t(_ﬂ*(t))

+ & (0 gu(t, x*, u*) + (O hy (2, x*, u™)) ] dt
b
é—pz/dz(t,x,x*)dt.

a

Since Aj; > 0 and by (x, x*, u, u*) is positive, we get
b
bo(x, x*, u, u*)/ [ 28 fo(t, x*, u®) + &' fu(t, x*, u*)] dt
a

b
< —Ap! /dz(t,x,x*)dt, (18)

a

b
/ [n" (A" (@) g (2, X%, ™) + 1 (O he (2, x*, u™)) + (DI (=% (1))

+E (WO gu (@t x* u") + () Ry (2, X, u®)) ] di

b

P’ e “)d 19
- t,x, .

bl(x,X*,u,u*)/ %% (12)

lIA

Multiplying (19) by bo(x, x*, u, u*) > 0, we get

b
bo(x, x*, u, u*)/ [n" (W) g (r, x*, u™) + pw* (1) hy (2, x*, u™))
a

+ D) (= (1) + & (A0 g, X, u™) 4+ 1 (1) hu (1, x*, u™)) ] dr

b
bo(x, x*, u, u*)p>
00 X% w w2 v v (20)

<—
= bi(x, x*, u,u*)
a
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Equation 20 gives
b
bo(x,x*,u,u*)/n’ (A1) g (2, X, u™) + w* () hy (2, x*, u™)) dt
a

b b
+ /nﬂ*(t)dt—[n’u*(t)]iZZJr/é’ (W) gu (e, x*, u™) + (1) Ry (2, x*, u™®)) dt

b 9 *7 9 * 2
_M dz(t,x,x*)dt. 1)

IIA

bi(x, x*, u, u*)
a

Adding (18) and (21), we obtain

bo(x, x*, u, u™)
b
/ 0’ [ Felt, 1) R0 (8 X, 1) 4 (O B (2, X%, 0 + 17 (1)]
a

+ & A fut X u®) + A0 gu (1, X u®) A+ (0 Ry (2, X, u*)] de

b
bo(x, x*, u, u*)p?
it g 22 2 P /dzt, ,xdt <0,
= (Op * by(x, x*, u, u*) €%, ¥t <

which contradicts (2) and (3). Hence (x*, u*) is an efficient solution for (M C P) and the
proof is complete. O

In the next theorem, we replace the strong (B, p)-pseudo-quasi-type I by the weak strictly
(B, p)-pseudo-quasi B-type L of (f, A*(t)'g + u*(t)' (h — %)).

Theorem 4 Let (x*, u*) be a feasible solution for (MC P) and assume there exist Aj €
IR?, A§ > 0 and piecewise smooth functions \* : I —> IR™, u* : I —> IR" such that for
all't € I, (x*, u*, A§, A*) satisfy (2)—(5) of Theorem 1. Further, suppose that (f, \*(¢)'g +
w* (@) (h — x)) is weak strictly (B, p)-pseudo-quasi B-type I at (x*, u*) with respect to by,
b1, n, € with by (x, x*, u, u*) > 0 and A(’gt,ol + botrx®wu)p? >0 forall (x,u) € X x U,

by (x,x*,u,u*)

then (x*, u™) is an efficient solution of (M C P).

Proof If (x*, u™) is not an efficient solution of (M C P), then there exists an (x, u) € X x U
such that

b b
/f(t,x»u)dfS/f(t,x*,u*)dt.

Since (x*, u™) is feasible for (M C P), then, h(t, x*, u™) — x* = 0 combined with (4), we
have

b
— / A0 g (e, x* u*) + (@) (h(r, x*, u*) — 3%))dr <0.
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Since (f, A*(t)'g + u* ()" (h — X)) is weak strictly (B, p) pseudo-quasi-type I at (x*, u*)
with respect to bg, b1, n, &, therefore

bo(x, x*, u, u*)/ [ felt, x*, u®) + & fut, x*, u*)]dt

b
< —pl/dz(t,x,x*)dt, (22)

bl(xv X*a M, M*)/ [Ut (}"*([)lgx(t7X*7 M*) + :u*(t)thx(t»-X*7 M*)) + [Dn]t(_ﬂ*(t))

+ & (W) gu (1, x* u") + () hy (2, x*, ™)) | di
b
é—pz/dz(t,x,x*)dt.

a

Multiplying (22) by A§ > 0, we get

b
bo(x, x*, u, u*)/ [ A8 fot, x™, u™) 4+ EAG fu(t, X, u*)] dt
a

b
< —A5p! /dz(t,x,x*)dt,
a

and now the proof is similar to that of Theorem 3. O

In our final sufficiency result below, we invoke the weak strictly (B, p)-pseudo-type I of
(LM )'g + p* @) (h — X)).

Theorem 5 Let (x*, u*) be a feasible solution for (MC P) and assume there exist Ajy €
IR?, 1§ = 0 and piecewise smooth functions \* : I —> IR™, u* : I — IR" such that for
all't € I, (x*, u*, A§, A*) satisfy (2)—(5) of Theorem 1. Further, suppose that (f, 1*(¢)'g +
wr ) (h — x)) is weak strictly (B, p)-pseudo B-type I at (x*, u™) with respect to by, by, 1,

2
with A *p = + —= >0 forall (x,u) € X x U, then (x*, u*) is an efficient
bo(x,x uu) bl(xx u,ut) =

solution of (MC

Proof If (x*, u*) is not an efficient solution of (M C P), then there exists an (x, u) € X x U
such that

/f(t,x,u)dt§/f(t,x*,u*)dt.

Since (x*, u™) is feasible for (M CP), then, h(t, x*, u™) — x* = 0 combined with (4), we
have

b
— / A0 g (e, x* u*) + (@) (h(r, x*, u*) — 3%))dr <0.
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Since (f, y*(¢)'g) is weak strictly (B, p)-pseudo-type I at x* with respect to by, by, 1, &,
therefore

b
bo(x, x*, u, u*)/ [0 fu e, X%, u™) + E°0 fu (e, x*, u™) ] di

b
< —pI/dz(t,x,x*)dt, (23)

a
b
bi(x,x*, u, u*)/ [7" (W0 ga (@, X%, u™) + (1) o (2, x*, u™))

D01 (—p* (1) + & (M) gut, x*, u*) + () hu (1, x*, u™)) ] di
b

< —pz/dz(t,x,x*)dt. (24)

a

From (23) and (24), we have bo(x, x*, u, u*) #0 and by (x, x*, u, u*) #0, which imply
that

b

/[n’fx(t,X*,u*)+S’fu(t,X*,u*)]dt
a
| b
4 2 *
- [ d*(t, x, dt, 25
bo(x,x*,u,u*)/ @ x %) (25)
b

/ [n" (A0 gu (e, x*, u™) 4+ " () b (1, x*, u®)) + [Pyl (—p* (1))

+E (WO gu (@t x* u") + (0 Ry (2, X", u®)) ] di

/02 / 2
- | d~(t, x, xM)dt. 26
= bl(x,X*,u,u*)/ A o

Multiplying (25) by A5 > 0, we get

b
/ [ AG fe e, X, u®) + &' fut, x*, u™)] di

a

b
)\lzk)tpl )
- | d°(t, x, xM)dt. 27
= bo(x,x*,u,u*)/ (.20 @D
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Equation 26 gives

b b
/ 1 (@) e, X )t (0 (e 6%, ) dr + / niv(0)dt

a

b
S AT s / EL (1) gu (L X, u®) + () (1, 5%, u)) di

IIA

b
2
1% 2 *
_— | d°(t, x, dt.
bl(x,x*,u,u*)h/m (2.0
a

Adding (27) and (28), we get

b

/Ul [)"Stfx(ta X*7 M*) + )"*([)lgx(ta X*7 M*) + M*(t)thx(ta X*’ M*) + M*(t)]

a

+ &MY fut, X w*) 4+ A5 gu (e, X w) + () b (2, x 7, u*)] di

b
)\’*t 1 2
<—( LA P )/f@ﬁﬁ“méa

bo(x, x*, u,u*) ~ by(x,x*, u,u*)

a

which contradicts (2) and (3). Hence the result.

4 Mixed type duality

(28)

Let J; be a subset of M, J, = M\ Ji, and e be the vector of IR” whose components are all

ones. We consider the following mixed type dual for (M C P),

b
(XMCP) Maximize/{f(t, ¥, 0) + [Ag, (1) gy (2, y, v)]e}dt

a
subject to

v =«a, yb) =8,
2o fy(t, v, 0) + A1) gy (t, y,v) + () hy(t, y,v) + 1(t) =0, tel,
M fo(t, y,0) + A0 go(t, v, v) + 1) hy(t, y,0) =0, 1€,
b
/VdﬂﬁMhyJO—&Mt;Q

a
b

/}‘Jz(t)tg‘lz(tv y, U)dt ;07
a

A 20, rel
=0, ige=1
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We note that we get a Mond—Weir dual [8] for J; = ¥ and a Wolfe dual [1] for J, = @ in
(XMCP), respectively.

We shall prove various duality results for (M C P) and (XM C P) under generalized (B, p)-
type I conditions.

Theorem 6 (Weak duality) If for all feasible (x, u) of (M C P) and all feasible (y, v, Ao,
A, ) of (XM C P), any of the following conditions holds:

@ ko > 0, (f + 4y, (1) gg e, hgy (1) gy + p(0)' (h — ¥)) is strong (B, p)-pseudo-quasi-
type I at (y,v) with respect to by, by, n, & with bi(x,y,u,v) > 0 and )»6,01 +

2
7}7%(1?3’;;[”2)/; >0forall (x,u) € X x U,

®) (f4+2r5,® ' gne, Apn @) gp+pn @) (h—y)) isweak strictly (B, p)-pseudo-quasi-type I

2
at (y, v) with respect to bg, by, n, € with by (x, y, u, v) > Oandkf)pl +% >0
forall (x,u) e X x U,

©) (f+rn0) ' gne rn®) gy, + un@)h— 1)‘))) is weak strictly (B, p)-pseudo-type I at
. A 2
(v, v) with respect to by, by, 1, & and bo(x?;p,u.u) + bl(xtoy,u,v) >0, forall (x,u) € X xU,

y
then the following cannot hold

b b
/f(t»xa I/l)dt = /{f(t’y’v)+[)"J1(t)tg./1(t7 ) U)]@}dt.

Proof Let (x, u) be feasible for (M C P) and (y, v, Ao, A, i) be feasible for (XM C P). Sup-
pose that

b b
/f(t, x,u)dt < /{f(t, y,v) + [Ay (1) g4, (t, v, v)]e}dt.
Since (x, u) is feasible for (M C P) and (y, v, Ag, A, 1) is feasible for (XM C P) we have
b
J U0+ 0y @) g e
b
< [0+ 0 0 0.y Vlelar (35)
From (32) and (31), we have

b
- / Do (0 g5 (6. v, 0) + @) (e, y. v) — $)1de <0, (36)

a
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If (a) holds, then

b
bo(xs y’ u, U)/’?t [fy(ta )77 U) + e)".ll (t)tg.lly(t7 y5 U)]

+ & [folt. y.v) +ery (1) gy, (1, y, )] di
b

<—p! /dz(t,x,wdz,

b
bl(x! y’ u, U)/ [Tlt ()"Jz(t)tgjzy(lv }’» U) + M(t)thy(t’ yv U))

+ D] (= () 4+ & (A g (1) g o (8, y, v) + (1) hy (2, y, v))] dt
b
é—pz/dz(t,x,y)dt.

a

Since by (x, y, u, v) is positive and 1o > 0, we get

b
bo(x, y, u, v) / ' [A0fy (@ v, v) + 2y (' g4y, (1, y, V)
a

+Et ()"E)fv(tv y, U) + )\Jl (t)[gllv(t5 Y, U))] dt
b

< —)Lf),ol /dz(t,x,y)dt,

a

(37

b
/ [0 (o) gy (@, v, ) + (@) hy (1, y, v)) + [P0l (=p(0))

+ & (A () gnu(t, y,v) + () hy(t, y,v))] dt

5 b
<—p7/d2(t,x,y)dt.
= bi(x,y,u,v)

a

Multiplying (38) by bo(x, y, u, v) > 0, we get

(3%)

b
bo(xv y, u, U)/ [nt ()‘]2(t)tgfz}’(t! Y, U) + I,L(t)thy(t, Y, U))

+[Dn]' (= (1) + & (Ap (1) g0, y, v) + () By (2, y, v)) | dt

b
b 2
_box, y, u, v)p” d2(t, x, y)dt. (39)
bi(x,y,u,v)

A

a
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Equation 39 gives

b b
bo(x,y,u,v)/n’ (A (' gny(t, vy, v) + w@®)' hy(t, y,v)) dt+/ml(t)dt
a

a

b
S UNT0) et +/-§t (A ) gnvt, y, v) + w@) hy(t, y, v)) dt

) b
bo(x,y,u,v)p

d(t, x, y)dt. 4
br(r.y. 0. v) (t, x, y)dt (40)

<-—

a

Adding (37) and (40), we obtain

b
bo(xv y! M, U)/’]l [)"E).fy(t’ yv U) + )»(t)tgy(l’ }’» U) + ,U,(t)tl’ly(t, yv U) + /’L(t)]

+E A fot y,v) + A0 ot y, v) + (1) hy(t, y, v)] dt

b
bo(x, y, u, v)p?
< (3p1 4 &3 0P /dz(t,x,wdrso,

bi(x, y,u,v) =

a

which contradicts (29) and (30).
Now, by hypothesis (b) and from (32) and (31), we get

b
bo(x,y,u,v)/nt [fy (@, y.v) +ery (1) g, (2. . v)
a

+E [fot, v, v) +eys, (' g, (1, v, v)) ] dt
b

< —pI/dz(t,x,y)dt,
a
b

bi(x,y, u, v)/ [ (o) gy (@, v, v) + (@) hy (@, y, v)) + [Pyl (—p(0))

+ & (D) gt y, v) + (1) hy(t, y, v))] dt
b

=0’ / d>(t, x, y)dt.

a

Since by (x, y, u, v) is positive, Lo > Oand by (x, y, u, v) > 0, we get (38) again contradicting
(29) and (30).
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If (¢) holds, then from (32) and (31), we get

b
bo(x,y,u,v)/n’ [fy(.y.v) +ery (1) g, (2, y. V)]

+E [ fot, y,v) + ehy () gy, (1, y, v)] dt
b

< —,ol/dz(t,x,y)dt, 41)
a
b

bi(x,y, u, v)/ [ (A (D) gy, y,v) + w (@) hy(t, y,v))

+ D) (= () + & (A, (1) g o (t, ¥, v) + u(0) hy (2, y, v)) ] dt
b

< —pz/dz(t,x,y)dt. (42)

a

From (41) and (42), we have bo(x, y, u, v) # 0 and b (x, y, u, v) # 0, which give

b
/n’ [fy (. y,v) + eryy (1) gy, (1, y, V)]

+€t [fv(h ya U) + €)\.jl (t)lg./“;(tv y7 U)] dt
b

1
N —pi/dQ(t,x,y)dt, (43)
bo(x,y,u,v)
a

b
/ [7" (A @) gny @, y,v) + (@) hy(t, y,v)) + [Dn) (—u(1))

+E (' g0, y,0) + 1@ hy(t, y, v)) ]| dr

) b
P 2
o / 2. x, yydr. (44)
bi(x,y,u,v)
a

Because 1o > 0, (43) gives

b
/ 'Syt y.v) + gy (0 gy, (2, y, v)

a

+ &' A fo(t, y,0) 4+ Ay (1) gy, (8, v, V))]dE

b
)\,t 1
P L / (0. x, y)dr. (45)
= bo(x,y,u,v)
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Adding (44) and (45), we obtain

b
/ 1" [0Syt y,v) + 20 8y (1, y, v) 4+ w() hy (2, y, v) + [1(1)]

_'_gt [)\g)fv(t» y’ U) + )‘-(t)lgv(ta y! U) + M(t)thv(tv y7 U)] dt
b

)\'l‘ 1 2
<_ o L P /dz(t,x, y)dt <0,
bo(x,y,u,v)  bi(x,y,u,v) =
a

which contradicts again (29) and (30). ]

Corollary 1 Let (y*, v*, Aj, A*, u*) be afeasible solution for (XM C P). Assume that)ﬁ]‘] (!
g1, (t, y*, v*) = 0 and assume that (y*, v*) is feasible for (M C P). If weak duality Theorem
6 holds between (M C P) and (XM C P), then (y*, v*) is an efficient solution for (M C P)
and (y*, v*, A5, A, u*) is an efficient solution for (XM C P).

Theorem 7 (Strong Duality) Let (x*, u™*) be an efficient solution for (MC P) at which
the Kuhn—Tucker qualification constraint is satisfied [6], then there exists ké € IR?, )\8 >
0, A'e = 1 and piecewise smooth functions 1* : I —> IR™ and p* : I —> IR" such that
(x*, u*, A5, A*, u*) is feasible for (XM C P) with )ﬁ}l ®)' gy (t, x*, u*) = 0.If also weak
duality Theorem 6 holds between (MCP) and (XMCP), then (y*, v*, A§, A", u*) is an
efficient solution for (XM C P).

Theorem 8 (Strict Converse Duality) Let (x*, u™) be a feasible solution for (M C P) and let
*, v*, Aj, A*, u*) be a feasible solution for (X M C P) such that

b b
/)\Etf(t,x*,u*)dt = /{XS’f(t,y*, V) + A5, (1) gy (1, yF, vt (46)
a a
Further, let (f + 25, ) g e, A5, ) g g, + n(@) (h — y'*)) be semistrictly (B, p)-type I at
(y*, v*) with respect to b, by, 0, € with X5 p' + 15 p2% > 0 then (x*, u*)=(y*, v*).
0 0 =

Proof Suppose, onthe contrary, that (x*, u*) # (y*, v*). Since (f +2%, "'gye, A ®'gn
+u®)* (h — y'*)) is semistrictly (B, p)-type I at (y*, v*), then

b
bo(x*, y*, u*, v*) / {F @ x* u®) + [25,0) gs, (1, 5%, u*)] e} di
a

b
— [+ 15,0 3" 0 b

a

b
> /n’ [ Sy, y*,v) +erf () g, (2, y*, v9)]

a

+E [ folt, y* 05+ edy (1) gy, (1, y5, ™) ] di
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b
+p! / 42t x*, yh)dt. @7

a

Since A > 0, it follows that
b
bo(x*, ¥, u*, v / O S 2% ) + 13, (1) gy (1 %, )
a

b
- / 3£y %) + 35 (0 g (0 ¥, vt
a

b
>/77t [)"Stfy(tvy*av*)+)"ﬂ}1(t)tg.]1y(tsy*7v*)

a

+ & [ folt, Y50+ v (0 gy, (8, yF, %) ] di
b

+gp! / d*(t, x*, y*)dt.

a
Equations 46, 29 and 30 give

b
bo(x*, y*, u*, v¥) /)f}l ) gy, (t, x*, u®)dt

a
b

> —/ [n" (W5, () g ry (@, Y, 0™) + 1 (1) hy (2, y*, 0*) + (1))

HE (M5 (0 gyt y* ) + (0 hy (1, y* v") | di
b

+25'p! /dz(r,x*, y¥)dt.
a
Since A5 p! + 13 p% > 0, we get

b
bo(x™, y*, u*, v*) /le () g (1, x*, u*)dt
a

b
> —/ [n" (W5, () gy, Y 0™) + (1) hy (2, y*, 0*) + (1))

b
HE (A, 0 gnut, Y5, 0" + 15O hy (1, v, v9) [ dE = A8 07 / d> (1, x*, y*dr.
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Using the hypothesis on (f + 17, ®)'gye, A7, ®)'gp, + n@* (h — %)), we get

b
bo(x*, y*, u*, v¥) / 5,0 gy (1, X", u¥)dt

a

b
> by (x*, y*, u*, v*) /[)»’}2 () g (t, y*, v*) + 1 (1) (h(t, y*, v*) — y*)1dt = 0.
a

(48)
On the other hand, A’;l (1) = 0, g7, (t, x*, u*) éO, hence with by (x*, y*, u*, v*) > 0
b
bo(x*, y*, u*, v*)/ ’;l ) 'gy, (t, x*, u®)dt <0,
a
leads to a contradiction to (48). ]

5 Conclusion

In this paper, we have introduced the classes of (B, p)-type I and generalized (B, p)-type I,
and have used these different classes of functions to derive various sufficient optimality
conditions and mixed type duality results for multiobjective control problems. Results for
multiobjective variational problems can be obtained in similar lines.
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